Electrons in an artificially created periodic potential-a superlattice-follow Bloch's theorem, and they reside in minibands 1,2 . This approach is particularly suitable to study effects inaccessible in natural crystals, such as Hofstadter's butterfly 3 . After pioneering experiments using high-mobility GaAs based superlattices, 4,5 additional proof 6-8 came with graphene-hexagonal boron nitride (hBN) heterostructures 9,10 forming moiré superlattices. However, both lattice symmetry and period are constrained by the crystal lattices of graphene and hBN, and the exact potential 11,12 is governed by, e.g., strain or local band-gaps, which are virtually impossible to be controlled experimentally. A first approach to circumvent this was recently presented by Forsythe et al., who employed a patterned dielectric, and demonstrated gate-tunable superlattice effects. 13 In this work, combining patterned and uniform gates, 14,15 we demonstrate satellite resistance peaks corresponding to Dirac cones to fourth order, and the Hofstadter butterfly, including the non-monotonic quantum Hall response predicted by Thouless et al. 16 . The exact potential shape can be determined from elementary electrostatics 17 , allowing for a detailed comparison between miniband structure and calculated transport characteristics. We thus present a comprehensive picture of graphene-based superlattices, featuring a broad range of miniband effects, both in experiment and in our theoretical modeling. arXiv:2003.07376v1 [cond-mat.mes-hall] 
Electrons subjected to both a periodic potential and a uniform, perpendicular magnetic field exhibit a fractal band structure governed by the ratio of magnetic flux φ per lattice unit cell and the magnetic flux quantum φ 0 = h/e. For weak magnetic field and strong lattice potential, Hofstadter first calculated the band structure, which shows continuous bands for rational φ/φ 0 = p/q with p and q co-prime integers and exhibit a self-similar structure, which was coined Hofstadter butterfly due to its peculiar shape. 3 For the opposite case of strong magnetic field and weak lattice potential, the band structure is controlled by the inverse flux φ 0 /φ = q/p instead 18 . As was first shown by Thouless et al. the transverse resistance is quantised, whenever the Fermi level lies within a gap, either in between Landau levels, or within the Hofstadter spectrum 16 . This observation formed the theoretical basis for understanding the precise quantisation of the quantum Hall plateaus, using notions of topology 19, 20 . For a system where the Hofstadter spectrum is present, the filling factor ν and quantum Hall plateau values are linked by a Diophantine equation, 16, 18, 21 
where s and t are integers such that R xy = h t e 2 . Note that s = 0 represents the standard quantum Hall physics (ν = t), and values s = 0 are associated with internal gaps of the Hofstadter butterfly. In the latter case, the transverse quantum Hall resistance does not follow the filling factor ν in a monotonic way 16 . Since in the recursive Hofstadter spectrum there are infinitely many gaps, the transverse resistance will show more and more non-monotonic steps, as an increasing number of gaps is resolved in experiment.
First efforts to detect this band structure were performed in high-mobility GaAs-based two-dimensional (2D) electron gases 4, 5 , showing minigaps, and also non-monotonic Hall curves. However, the lattice period was limited to a ≥ 100 nm due to technological constraints. Utilizing moiré lattices formed in graphene/hBN heterostructures 22, 23 , the Hofstadter butterfly was unambiguously demonstrated [6] [7] [8] . However, the maximum lattice period in this case is limited to about 14 nm, given by the lattice mismatch between hBN and graphene. This means that the condition of one magnetic flux quantum per unit cell area requires at least 25 T, out of scope for standard laboratory magnets. In addition, the lattice symmetry is determined to be hexagonal, and the potential is not gate-tunable. Finally, even though a complete theoretical description of moiré lattices was presented 11, 12 , many terms including strain or local gaps have to be included, which are poorly controlled experimentally. 2D superlattices in graphene were also realized in etched graphene antidot lattices 24 , showing ballistic transport [25] [26] [27] [28] and superlattice Dirac points 29, 30 , but due to the strong potential, which cannot be tuned, more subtle effects are not visible. Therefore, a more flexible method with a gate-defined superlattice potential is required. A first approach was pursued by Forsythe et al., based on a patterned dielectric 13 . Here, both square and hexagonal lattices were realised, resulting in satellite Dirac peaks 29 and observation of gaps in the Hofstadter butterfly. However, the nonmonotonic transverse resistance, predicted by Thouless, was not observed, requiring further improvements in device quality. 31 Our samples (see Fig. 1a ) consist of a single-layer graphene sheet encapsulated in hBN and placed on top of a few-layer graphene patterned bottom gate (PBG) residing on an oxidised silicon substrate. Importantly, the lower hBN is only 5 nm thin to prevent damping of the electrostatic potential. In addition, the doped Si serves as a uniform backgate. More details are given in the Methods section and previous reports 14, 15 . By using this gating scheme, a widely tunable 2D periodic charge carrier density modulation can be induced in the graphene layer ranging from unipolar to bipolar potential profile with tunable potential strength (see Supplementary Information for gate maps of polarity regime, modulation strength and average carrier density). Figure 1b shows a micrograph of the studied device with red outlining the position of the PBG, and in Fig. 1c , an atomic force microscopy (AFM) image of the PBG with a square lattice of period a = 40 nm can be seen. Figure 1d shows the gate response of the longitudinal resistivity R xx at B = 0 and T = 1.5 K. As can clearly be seen, the PBG voltage V pbg largely controls the overall carrier density, and the Si backgate voltage V bg mainly sets the modulation strength. For V bg ≈ 0 V, only one Dirac peak is visible, as expected for intrinsic graphene. The field effect mobility extracted at low backgate voltage is about 40 000 cm 2 /Vs. By increasing V bg , i.e., in-creasing the potential strength, several pronounced satellite peaks start to appear next to the main Dirac peak. Figure 1e shows R xx plotted as a function of normalised charge carrier density n/n 0 (with n 0 = 1/a 2 ) which gives the number of electron/holes per superlattice unit cell area for three different backgate voltages V bg = 5 V and V bg = ±70 V. The most pronounced satellite peaks manifest when one superlattice unit cell is filled up with 4 and 8 electrons/holes which reflects the 4-fold degeneracy of graphene. These satellite peaks are accompanied by sign changes of the Hall resistance R xy at a small magnetic field of B = 200 mT (see upper panel of Fig.  1e ). This confirms that the carrier type changes between electron and hole conduction, and proves the existence of well-defined superlattice-induced minibands. Also, when the sign of the backgate voltage is reversed, the satellite Dirac peaks are mirrored with respect to the main Dirac peak.
To confirm these findings, we have performed quantum transport simulations (based on the Landauer-Büttiker approach) and calculated miniband structures at zero magnetic field, B = 0 T, both employing the realistic square superlattice potential obtained from finiteelement-based electrostatic simulation taking into account the geometry of our device; see Methods. plementary Information). Specifically, two R xx satellite Dirac peaks to the right of the main Dirac point and one to the left can clearly be seen in Fig. 2a , similar to the experimental data taken at large positive backgate voltage. This order reverses for large negative V bg , as seen in the simulated R xx map as a function of V pbg and V bg shown in Fig. 2b . Similar to Fig. 1d from the experiment, the resistance map of Fig. 2b shows a strong main Dirac peak throughout all backgate voltages, accompanied by a few faint lines parallel to the main Dirac line emerging with increasing |V bg |. A comparison with Fig.  1d shows an excellent agreement between our experiment and simulation.
The origins of the resistance peaks shown in Figs. 2a and b can be identified by comparing with our miniband structure calculations. A few examples are shown in Fig.  2c -f, where we have fixed the Fermi energy at zero represented by the green plane. The main Dirac peak is observed when the Fermi level lies exactly at the Dirac point of the unperturbed graphene band structure (d).
The first satellite peak (c and e for hole and electron side) corresponds to well-resolved secondary and tertiary Dirac cones at the X and M points of the (square) mini-Brillouin zone (right inset on Fig. 2b ), while the second satellite resistance peak (f) is found when a large Dirac cone reappears at the center of the mini-Brillouin zone.
It is somewhat obscured by higher bands intersecting the Fermi level. We provide a full movie of the miniband structures as V pbg is swept through the line trace of the resistance in the Supplementary Information. In addition to the features highlighted in Fig. 2 , the movie shows that additional peaks are progressively harder to resolve as many minibands of electron and hole character are present at the Fermi level. Now we focus on the high-field regime, where the Hofstadter energy spectrum is expected. In order to experimentally observe signatures of this energy spectrum the magnetic flux φ per superlattice unit cell area has to be of the order of one magnetic flux quantum φ 0 . For the studied sample with a square superlattice of nominal lattice constant a = 40 nm, φ/φ 0 = 1 is reached experimentally at a magnetic field of B = 2.7 T (corresponding to an actual lattice period of a = 39 nm). Figure 3a (dashed horizontal lines in Fig. 3b ). At high magnetic fields (φ 0 /φ = 0.29), the usual sequence of quantum Hall plateaus can be observed, as expected for intrinsic monolayer graphene (see Fig. 3e ). By changing the magnetic flux ratio to φ 0 /φ = 0.5 a splitting of Landau bands into two minibands occurs. Additional minima in R xx can be observed accompanied by well developed quantum Hall plateaus (see Fig. 3d ). At a magnetic flux ratio of φ 0 /φ = 0.73 the quantum Hall resistance shows signatures of the two largest gaps (s = ±4) of the Hofstadter butterfly (see Fig. 3c ). This is best visible in the second Landau band between ν = 6 and ν = 10 where R xx exhibits two additional minima, and the corresponding quantum Hall resistance R xy exhibits a non-trivial, non-monotonic sequence following the expected sequence of quantum Hall values if the Fermi energy is shifted into the largest energy gaps in the Hofstadter spectrum. 16 In addition there is also a tendency to approach the plateau value associated with s = −8, i.e. the next iteration of the self-similar spectrum. These findings confirm the prediction by Thouless et al. 16 in a gate-defined superlattice in graphene.
The situation at high magnetic fields was also modeled in transport calculations. Due to the restriction of the implemented scaled tight-binding approach 32 (see Methods), we consider a magnetic field range of up to B = 7.2 T, which corresponds to φ 0 /φ = 0.36. For determining the electrostatic potential, we excluded the carrier density correction due to quantum capacitance, as there is no closed-form expression due to the graphene density of states deformed by finite magnetic field, contrary to the case at B = 0. Therefore, the capacitance of both gates only contains the geometric capacitance resulting in a larger gate coupling. Nevertheless, by calculating the positions where the superlattice unit cells are filled with a multiple of four electrons or holes, we can match the features in the calculated Landau fan diagram with the experimental ones. This is done in Fig. 4 , where each panel of the experimental Fig. 3 matches a corresponding panel in the theory Fig. 4 . All data were calculated for V bg = 50 V. The similarity is quite striking. The Landau fan diagram (Fig. 4a) shows Landau levels emanating from the main and the satellite Dirac peaks. For negative V pbg (bipolar regime, opposite to V bg ), resistance values are higher, while on the positive V pbg side, overall resistances are lower, and the energy gaps are better resolved. Additional simulation data at V bg = 70 V are shown in the Supplementary Information. To obtain the Wannier diagram in Fig. 4b , we calculated the filling factor by taking straight lines from the main Dirac peak at V pbg = −0.065 V to the largest energy gaps at high field and density and interpolated from the raw data. We note that close to the main Dirac peak, the Landau fan does not form straight lines, but starts out curved. The reason for this is unknown, but we speculate that in this region the carrier density in each unit cell is strongly nonuniform, leading to a deviation from the standard definition of the filling factor. Therefore, the disentangling of Landau and Hofstadter gaps for the calculated data is not as clear-cut as for the experimental data. Still we observe dark regions (low resistance) both for standard filling factors ν = 6, 10, 14, 18 and additional Hofstadter gaps. When taking line traces of the Hall resistance at different flux ratios, the calculations reproduce the nonmonotonic behavior of R xy . For all flux ratios shown, we find a strong correspondence between experimental and numerical data. The peak splitting in R xx is also reproduced qualitatively, but since the calculations were done without disorder, one cannot expect a one-to-one match.
In conclusion, we have presented an experimental realization of gate-tunable 2D superlattices in graphene with an arbitrary geometry, showing transport signatures of up to quaternary Dirac points, the Hofstadter energy spectrum and the non-trivial, non-monotonic quantum Hall response, all owing to the modified band structure. Transport calculations at B = 0 and B = 0, based on a real-space Green's function method can reproduce the experimental data to high precision and support our interpretation. At B = 0, the continuum model considering the same superlattice potential allows us to identify strong resistance features with isolated Dirac cones in the miniband structure, and explains why no further resistance peaks are observed. For large fields we calculate Landau fans corresponding to additional Dirac points, and also reproduce the non-monotonic quantum Hall response in detail. The excellent correspondence between theory and experiment is striking and allows for a complete understanding of the observed transport features. Our experimental approach will also be suitable for studying more advanced geometries, such as the Lieb lattice 33 or symmetric one-dimensional superlattices 34 , which are not accessible by other methods.
METHODS:
Sample fabrication and data acquisition For the fabrication of the patterned bottom gates (PBG), we use standard electron beam lithography (EBL) and reactive ion etching with O 2 plasma to pattern few layer graphene flakes with thicknesses between 2 to 5 layers. We apply several cleaning steps after the processing with Remover PG (Microchem) at 60 • C and annealing in vacuum at 400 • C to remove PMMA and other residues and check the patterned bottom gates by means of AFM. After choosing a clean and suitable PBG we use the van der Waals pick up technique to encapsulate monolayer graphene between two hBN flakes and transfer the graphene/hBN heterostructure onto the PBG. The bottom hBN layer is chosen to be only a few nm thick in order to achieve a well defined potential modulation. In the next step the stack is shaped into Hall bar geometry by EBL and selective reactive ion etching 35 with SF 6 and O 2 . Edge contacts are made by EBL and Cr(5nm)/Au(80nm). All transport measurements were conducted in a 4 He cryostat with a base temperature of 1.5 K and standard lock-in techniques at a constant current of 10 nA.
Transport calculations Our transport calculations for four-probe measurements follow the Landauer-Büttiker formalism, 36 which requires to calculate all 6 × 5 = 30 transmission functions for the considered Hall bar (left inset of Fig. 2b ). Each transmission function T pq between lead p and lead q is obtained using the real-space Green's function based on a scaled graphene lattice. 32,37,38 For Fig. 2 with B = 0 and Fig. 4 with strong B, we have chosen scaling factors of s f = 8 and s f = 7, respectively, in order for the scaling criteria 32 to be fulfilled. More details are described in Ref. 39 . To obtain realistic onsite energy profiles due to the spatially modulated gate capacitances, we first build a threedimensional electrostatic model to extract gate capacitances of the patterned bottom gate C pbg and the global back gate C bg , using FEniCS 40 (automated partialdifferential equation solver) and GMSH 41 (finite-element mesh generator). The classical carrier density is given by n cl = (C pbg /e)V pbg + (C bg /e)V bg . For transport calculations at zero magnetic field (Fig. 2) , we include the correction ∆n due to the quantum capacitance 17 to obtain the net carrier density n = n cl + ∆n; for finite magnetic field (Fig. 4) , we approximate the density with n cl for reasons mentioned in the main text. Due to the combined action of a backgate and a patterned bottom gate, a tunable superlattice can be induced very efficiently in graphene. This is verified by additional calculations of the polarity regime and potential strength as a function of V bg and V pbg . The polarity map in Fig. S1 a shows regions of unipolar potential modulation (red area for only p-type charge carriers and blue area for only n-type charge carriers) and bipolar potential modulation (white area) calculated by examining the type of charge carriers at positions 1 (sgn(n 1 )) and 2 (sgn(n 2 )) in the potential landscape induced by the superlattice (see inset of Fig. S1 a) . Fig. S1 b shows the corresponding potential strength, i.e. the potential difference V 1 − V 2 between positions 1 and 2. The white dashed lines are equipotential lines with corresponding potential strength ranging from zero modulation to several hundred meV modulation amplitude in the bipolar regime. Fig. S4 shows additional experimental data of G xy in the unipolar regime at V bg = 70 V for the same measurement and range of parameters as in Fig. 3 b of the main text. G xy is plotted in units of e 2 /h as a function of Landau level filling factor and inverse magnetic flux φ 0 /φ. The dotted circle marks the position where the quantum Hall resistance shows pronounced non-monotonic behaviour approaching the quantum Hall plateau with ν = 6 (see Fig. 3 of the main text).
IV. ADDITIONAL LANDAU FAN DIAGRAMS
AT
The effect of tunable potential modulation becomes also clear by looking at Landau fans at different backgate voltages, i.e. different potential modulation strengths. Figure S5 shows two additional Landau fans at a backgate voltage of V bg = 0 V and at V bg = 29 V. The longitudinal resistance is plotted as a function of magnetic field and patterned bottom gate voltage. At V bg = 0 V mainly the usual quantum Hall effect features are visible, as expected for intrinsic, unmodulated graphene. By increasing the backgate voltage, i.e. increasing the modulation strength, additional minima in R xx start to appear in the bipolar regime due to superlattice induced energy gaps. In the unipolar regime the modulation strength seems to be too weak to have an observable effect and the usual quantum Hall effect for monolayer graphene is visible. At small magnetic fields weak signatures of satellite Dirac peaks can be seen.
V. NON-MONOTONIC HALL CONDUCTIVITY
IN THE BIPOLAR REGIME Figure S6 shows longitudinal conductance and Hall conductivity in the bipolar regime at V bg = 70 V and at identical magnetic flux values as in the main part of the paper. Here, at high backgate voltage, i.e., strong potential modulation, many features start to appear.The longitudinal conductance at φ 0 /φ = 0.73 and φ 0 /φ = 0.5 shows many additional minima accompanied by a nonmonotonic and strongly fluctuating Hall conductivity.
Again at high magnetic field (φ 0 /φ = 0.29) the usual quantum Hall effect for monolayer graphene is restored. In general the bipolar regime at strong potential modulation shows rich effects which exceed the simple picture of well separated Landau levels and Hofstadter physics. Due to the high potential strength also Landau level mixing has to be included to give an overall understanding of the observed effects. 
